Abstract. Thompson (2014) exhibits a formula for the multiplier ideal with multiplier λ of a monomial curve C with ideal I as an intersection of a term coming from the I-adic valuation, the multiplier ideal of the term ideal of I, and terms coming from certain specified auxiliary valuations. This short note shows it suffices to consider only one auxiliary valuation. This improvement is achieved through a more intrinsic approach, reduction to the toric case.
Let k be a field of characteristic zero, let C = {(t n 1 , t n 2 , t n 3 )} ⊂ A 3 k be a monomial space curve not contained in a smooth toric surface. We can use adjunction/inversion of adjunction if C is on a smooth surface. Let n = n 1 n 2 n 3 ∈ Z such that {f 1 , f 2 , f 3 } or {f 1 , f 2 } is a minimal generating set for I. Let d i = ord n (f i ) for i = 1, 2, 3. We may assume d 1 < d 2 < d 3 when f 3 is a minimal generator. See Section 3 of Shibuta and Takagi [4] for a more detailed setup. Let q = q 1 q 2 0 ∈ N 3 be the primitive vector such that q 1 q 2 0 m 1 = 0. And, let e i = ord q (f i ) for i = 1, 2, 3. Here is the improvement to the main theorem of Thompson [6] .
where ν 1 is the valuation given by the generating sequence
and k is the order of vanishing
where ν 1 is as before and ν 2 is given by the generating sequence
A Macaulay2 package that implements this calculation is described in Teitler [5] .
), and let the toric variety X = X Σ be the normalized blowup of a 1 a 2 . The blowup of a 1 is the partial desingularization of the toric surface V (f 1 ) identified in González Pérez and Teissier [3] , and the normalized blowup of a 2 is the partial desingularization of C. Let m 1 = m
The normalized blowup of a 2 is stellar subdivision along the ray ρ = R ≥0 n. Note that n is in the intersection of the two maximal cones of ∆. So, the two operations on fans, stellar subdivision along n and cutting with the plane v ∈ R 3 ≥0 | m 1 , v = 0 commute. And, Σ is the stellar subdivision along ρ = R ≥0 n of ∆. Any toric desingularization of X provides a common embedded desingularization of C and the surface V (f 1 ).
Proof. First, consider the affine open U ρ of X and fix an element m ρ ∈ S ρ such that m ρ , n = 1.
for each i = 1, 2, 3, and {m 1 , m 2 } is a basis of the kernel of the matrix n 1 n 2 n 3 . So,
is monomial in x mρ , x m 1 − 1, and x m 2 − 1. Moreover, I is locally monomial on the blowup of a 1 . Since 
Let p ∈ X be one of these two points, and let σ be the smallest cone of Σ such that p ∈ U σ . Evidently, ρ σ since p / ∈ U ρ but p ∈ D ρ . After possibly replacing m 1 with −m 1 , we may assume
is not a torus-fixed point and σ is two-dimensional.
. Note that m 1 is a basis for the kernel of n 1 n 2 n 3 r 1 r 2 r 3 , and n 1 n 2 n 3 m i = 0 for i = 1, 2, 3. After possibly replacing m 2 with −m 2 and m 3 with −m 3 , we may assume m 2 , m 3 ∈ S σ . In particular,
Moreover, the affine semigroup S σ = N 3 + Zm 1 . Since S σ is a normal affine semigroup, the quotient S σ of the canonical action on S σ by the group S * σ = Zm 1 is also normal affine semigroup and S σ ∼ = S σ × Zm 1 .
Identify k[S σ ] with a subalgebra of k[y 1 , y 2 ] as follows. Given m ∈ S σ , let m be its image in S σ and identify the monomial in k[S σ ] whose exponent vector is m with y u where u = n 1 n 2 n 3 r 1 r 2 r 3 m. So, we have Local monomialization is also the approach used to calculate multiplier ideals of binomial ideals in Blanco and Encinas [1] . On U ρ , we have
At one of the two special points, we have σ = R 
Thus, the special point is
Here, we let x 1 = y 3 1 , x 2 = y 4 1 y 2 , and
− 1 = (y Proof of the Main Theorem. The proof is by reduction to the toric case, Blickle [2] . That is, we work with the locally monomial ideal I · O X instead of I. Let π : X Σ → A 3 be the toric morphism induced by the subdivision Σ of R 3 ≥0 . In order to apply the argument of Blickle [2] , we extend Lemma 2 of that paper. It suffices to check that π * (I · O X )
So, π * (I · O X ) = I. In particular, the multiplier ideals of I are determined by the set of Rees valuations of I · O X , For each such valuation ν, let R ν be its discrete valuation ring and let J Rν /k[x] be the Jacobian.
In the local monomial coordinates, we find the Rees valuations from the facets of the Newton polyhedron. It suffices to consider the ideal (y
as in the conclusion of the proof of Lemma 1 on page 2. Recall that d i = ord n (f i ) and notice that
We know e 1 > e 2 by examining Section 3 of Shibuta and Takagi [4] . And, r 2 = 0 or r 3 = 0.
If r 2 = 0, then e 2 = 0, y u 3 ∈ (y u 2 ), and the facets of the Newton polyhedron Newt (y u 1 y 3 , y u 2 ) are orthogonal to the rows of the matrix
This includes the complete intersection case. Note that the only two rows of our matrix that have a nonzero last entry are 0 0 1 and
The other vectors correspond to valuations that are monomial in the original x-variables. Our ideal has order zero on the valuation corresponding to 0 0 1 . And, 1 0
If y u 2 / ∈ (y u 1 , y u 3 ) and e 2 = 0, then the facets of the Newton polyhedron Newt (y u 1 y 3 , y u 2 , y u 3 ) are orthogonal to the rows of the matrix
and these rows all have nonnegative integer entries. In terms of the parameters introduced in Section 3 of Shibuta and Takagi [4] , α ≤ γ in this case.
If y u 2 ∈ (y u 1 , y u 3 ) and e 2 = 0, then r 3 = 0 and the facets of the Newton polyhedron Newt (y u 1 y 3 , y u 2 , y 
